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Abstract

Do violations of classical rationality theory imply that agents are acting against their self-int
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on the other hand, must be complete since agents can be forced to choose from any set of opt
these justifications of transitivity and completeness cannot be combined. We show that if psyc
cal preferences are incomplete then revealed preferences can be intransitive without exposin
to manipulations or violating outcome rationality. We also show that a specific case of nonsta
behavior, status quo maintenance, is outcome-rational in the simple environments considere
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1. Introduction

Despite copious evidence discrediting thetheory of rational choice (see Camerer, 19
and Rabin, 1998), the theory continues to wield considerable authority. One reason
the core rationality axioms, completeness andtransitivity, are thought to follow from self-
interest; agents who violate those axioms supposedly expose themselves to manip
or experience diminished welfare. This paper analyzes the link between completeness an
transitivity and the assumption of rational self-interest: do the completeness and tran
axioms follow from the more fundamental assumption that agents’ choices not lead
preferred outcomes? Although some casual arguments address this question, ec
theory usually just labels complete and transitive preferences as rational. We inste
as our starting point that agents areoutcome-rational, that is, their choice sequences
not lead to dominated outcomes. We will see that outcome-rational agents can
violate either completeness or transitivity: self-interest does not weed out violatio
the traditional rationality model.

To analyze rationales for the completeness and transitivity axioms, we distin
between agents’ psychological preferences (their judgments about their welfare o
being) and their choice behavior or “revealedpreferences.” Informal arguments for com
pleteness and transitivity often switch back and forth between these two definitio
preference. Each axiom can be justified using one of the definitions of preference, but t
two axioms taken jointly cannot be rationalized under either definition.

With the psychological definition of preference, the rationality of transitivity is e
to establish. A formalization of the famous money pump shows that agents with int
tive psychological preferences are not outcome-rational—they can be led into seq
of trades that diminish their initial endowment (Section 3). The completeness of ps
logical preferences, on the other hand, has no obvious justification. The primary arg
for completeness instead relies on the choice definition of preference: since agents
ways be compelled to choose from any pair of alternatives, revealed preferences m
complete. Can these cases for completeness and transitivity be combined? They could
psychological preference and choice necessarily coincided. But although one may
interpret an agent’s choices as a set of psychological welfare judgments, if choice is
reality guided by such welfare judgments—because those judgments are incomplete—t
choice need not obey the consistency properties, such as transitivity, that rational p
logical preferences must satisfy. Sen (1973, 1982, 1997) and Levi (1986) offer f
arguments for distinguishing between choice and preference.

If there is a case for why rational revealed preferences must be transitive, it rests on
claim that any intransitivity would expose agents to the same manipulations that accom
pany intransitive psychological preferences. Perhaps then outcome-rational agen
choose transitively and thus act as if they had complete and transitive psychologica
erences. The drawbacks of intransitive psychological preferences do in fact have
parallels in the theory of choice functions: if the revealed preference relation derived
an agent’s choice function is intransitive, the agent will be open to a money-pum
nipulation that reduces the agent’s consumption (Section 4). But this apparent defect
intransitive revealed preference is an artifact of the traditional model of choice functio
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which as a theory of static decision-makingspecifies only one set of choices for each
of alternatives.

We therefore introduceextended choice functions to model sequential choice and a
low current choices to depend on prior choice sets and prior decisions. Our main
Theorem 4, shows that intransitivity of choice is then consistent with outcome
nality: if an agent’s psychological preferences are transitive and incomplete there
extended choice functions that never lead to dominated outcomes but that generate
sitive revealed preferences. Hence, although one can use revealed preferences to as
complete ordering from an incomplete psychological preference relation, the orderin
be intransitive—but not irrational in the sense of leading to dominated outcomes.
pleteness and transitivity cannot therefore be justified simultaneously: outcome-ra
psychological preferences must be transitive but can be incomplete, while outcome-r
revealed preferences must be complete but need not be transitive.

We must distinguish between an agent’s psychological preferences and his
choices because we need an independent gaugeof welfare to test an agent’s outcom
rationality. But each psychological preference concept we use, including indifferenc
incompleteness, has distinct behavioral implications and thus complies with ord
methods. In behavioral terms, an agent weakly prefersx to y when the agent is alway
willing to acceptx in exchange fory, and accordinglyx is indifferent toy when the agen
is always willing both to switch fromx to y and fromy to x. In contrast, incomplete pre
erence betweenx andy holds if the agent is only sometimes willing to switch fromx to y

or fromy to x (see Section 7 for precise statements).
A willingness sometimes to choosex overy and sometimes to choose the reverse

help an agent who cannot rankx andy to avoid manipulation and achieve outcome
tionality. This flexibility can also give a normative rationale for status quo mainten
(SQM), a common pattern of nontraditional decision-making that underlies the endo
ment effect, loss aversion, and the willingness to pay-willingness to accept disparity. If
agent has transitive but possibly incomplete preferences, then SQM is outcome-rati
the simple choice environments usually considered in behavioral economics (Sect
Since SQM can generate intransitive choices, it provides a simple and prominent ex
of the consistency of intransitivity and outcome rationality. SQM also illustrates the
nality advantage of refusing to switch between unranked bundles. On the other hand, st
quo maintainers can experience diminished welfare in more complex environments1 Our
use of SQM is similar to the Bewley’s (1986, 1987) models of choice with incomp
preferences, although our focus is on whether and when SQM reduces agents’ w
See Mandler (2004) on the advantages of an incomplete preferences explanation o
compared to competing behavioral theories.

Incomplete preferences have an intermittent research history that has revived re
Prior to Bewley, Aumann (1962), in the context of choice under uncertainty, was se
and discussed when an incomplete preference relation could be represented by
function (on which see Richter, 1966 and Peleg, 1970). More recently, the representat

1 This result is consistent with our main theorem since even though SQM can expose agents to harm in
environments, other patterns of choice, which also violate transitivity, are outcome-rational.
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question has reemerged using a tighter and more satisfactory definition of represe
via sets of utility functions (Ok, 2002 and Dubra et al., 2001).

Cubitt and Sugden (2001) consider the consistency properties that choice functio
isfy when agents are assumed to be invulnerable to money pumps. Some of our
are similar, e.g., the role of the time-independence and continuity of choice functions f
some consistency properties (cp. Theorem 3 below and Propositions 5 and 6 in
and Sugden, 2001). But we focus on the compatibility of arguments for completeness an
transitivity, leading us to analyze preference relations rather than choice functions, an
consider a broad class of potential hazards of choice, not just money pumps.

2. An example

We skip precise definitions in this section and sketch the main argument in an exa
After we review the money pump argument for why rational psychological prefere

must be transitive in Section 3, we take an agent’s choice behavior as primitive an
sider the revealed preferences that stem from these choices. Optionx is said to be weakly
revealed preferred toy, or xRy, if and only if the agent, when facing some set of optio
that contains bothx andy, selectsx. Let P denote the strict revealed preference relat
derived fromR. Since, for any pair of optionsx andy, we may confront the agent with th
choice set{x, y}, the agent must either showxRy or yRx, or both: revealed preferenc
are necessarily complete.

Should a rational agent have revealed preferences that are transitive as well? Con
agent with incomplete psychological preferences over two goods: the agent strictly p
bundles containing more of both goods but is unable to rank bundles that trade off g
against good 2. So, for instance, if bundlex contains more of good 1 and less of good
thany (see Fig. 1), then the agent does not rankx andy. In each period, the agent choos
either from a set of options or from a set of alternatives to the agent’s current selecti
avoid the fact that goods consumed at different dates are different commodities, s
the agent consumes only when the series of offers terminates.

Fig. 1. Potential manipulations with incomplete preferences.
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To see the supposed case for whyR should be transitive, suppose the agent when fa
a set of optionsS that containsx andy (and no bundles dominatingx or y) selectsx. Since
x andy are not psychologically ranked, this behavior is rational when taken in isola
Since the agent choosesx from S, we havexRy. Let z be a third bundle that contains mo
of both goods thanx but still less of good 2 thany. Since the agent is unable to ranky and
z, he or she might choosey from some setT that containsy andz (and again no dominatin
bundles). SoyRz. Sincez is strictly psychologically preferred tox, a rational agent mus
exhibit zPx—if not, there would be some choice set at which agent selectsx whenz is
available, which could leave the agent with a strictly inferior outcome. We therefore
the intransitivityxRy, yRz, zPx. Accordingly, we can offer the agent a money-pump-
sequence of decisions that lead from a superior to an inferior bundle: if the agent
with z, he or she will selecty in exchange when offered the set of alternativesT , and then
acceptx in exchange fory when offeredS. We will see in Section 4 that given a mild for
of continuity any intransitivity ofR opens an agent to some such manipulation.

But this vulnerability to manipulation is misleading; it relies on the fact that we h
supposed, following the choice function literature, that agents specifya single set of selec
tions from any given choice set. In sequential environments in which agents make m
rounds of decisions (and these are the only settings in which manipulation can arise), age
may want their current selections to depend on previous choice sets and decisions.
status quo maintainers employ just such a rule; they refuse all trades until offered an
that dominates the bundle they currently hold.

Status quo maintainers are immune to the abovez-to-x manipulation since they woul
decline at the first stage to switch fromz to y. Indeed, in certain simple environmen
status quo maintenance (SQM) is outcome-rational and hence never open to thez-to-x
manipulation or any other manipulation (see Section 6). Since SQM readily exhib
transitivity of choice, it thus furnishes an example of outcome-rational intransitivity. SQ
also illustrates that sometimes refusing toexchange unranked bundles can be instrume
to achieving outcome rationality.

SQM does not, however, satisfy the broadest possible definition of rationality. The
tional neoclassical agent endowed with complete and transitive psychological preferenc
will never be led to a worse outcome no matter how the agent’s current choices are
to future choice sets. Status quo maintainers on the other hand can end up with dom
options in choice environments where they are not allowed to retain their selection
the preceding round. To see an example, suppose our agent with monotone yet incomple
preferences is offered an initial-round choice from{x,w}, wherew vector dominatesy but
has less of good 1 thanx or z. The agent then chooses from{y, z} if a second round occurs
Finally, if a third round occurs, the agent must choose between the bundles selecte
first two rounds. A status quo maintainer might choosex in the first round andy in the
second, but the agent would necessarily end up better off in any third round if he
were instead to choosew andz in the first two rounds. More generally (Theorem 6), sta
quo maintenance can never be outcome-rational in all choice environments.

One might then speculate that in sufficiently sophisticated environments the com
and-transitive neoclassical agent enjoys a rationality edge over agents who som
choose intransitively. This speculation turns out not to be true. The main result,
orem 4, shows that any agent with transitive but incomplete psychological can a
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display intransitivities of choice but not at the cost of outcome irrationality. Thus the
no single definition of preference for which rational agents must satisfy both comple
and transitivity.

3. Psychological preferences and transitivity

We consider why self-interested agents should have psychological preference re
that satisfy transitivity. In this section and the next, preferences are defined over
sumption setX ⊂ Rn+. To avoid some minor boundary issues, we assume thatX is open.

Psychological preferences are represented by a binary relation� on X. We interpret
x � y to mean that the agent believes that he or she is at least as well off withx as withy.

We use the following standard notation. Given the relation�, strict preference� is
defined byx � y if x � y and noty � x and indifference∼ by x ∼ y if x � y andy � x.
The relation� is complete if, for all x, y ∈ X, eitherx � y or y � x, transitive if, for all
x, y, z ∈ X, x � y andy � z imply x � z, andintransitive if not transitive.

Let x ⊥ y mean notx � y and noty � x, that is,� does not rank bundlesx andy.
When psychological preferences are not complete, a violation of transitivity can occu

when merelyx � y, y � z, andx ⊥ z obtain. But the potential irrationality of intransitivit
lies in simultaneously having the preferencesx � y, y � z, andz � x. To pinpoint this
property, define� to bebehaviorally transitive if there do not existx, y, z ∈ X such that
x � y, y � z, andz � x. If � is complete, then� is transitive if and only if it is behaviorally
transitive.

Given our welfare interpretation of preference, a rational agent must always chox

overy whenx � y and will see no harm in exchangingy for x whenx � y. A rational agent
also should not make sequences of decisions that lead to strictly dispreferred out
Anticipating the rationality condition for extended choice functions in Section 5, we call�
outcome-rational if and only if there does not exist a set of alternatives{x1, . . . , xm} such
thatxi+1 � xi , for i = 1, . . . ,m − 1, andx1 � xm.

To see the appeal of outcome rationality, think of the agent as endowed with an
bundlex1 and then offered the chance to exchangex1 for x2. If the agent accepts the offe
he or she may end up consumingx2 or may receive a new offer to exchangex2 for some
x3, and so on. To ensure that the agent has no incentive to trade counterpreferenti
must suppose that the offer of any bundle is independent of the agent’s past choices,
to ensure that the agent actually cares about each decision, the agent must not kno
the sequence of offers will come to an end. When the offers do end, the agent con
the bundle he or she is currently holding.2 With these conditions in place, the link betwe

2 We also need a state-independence condition that� is unaffected by when the sequence of offers come
an end. State independence is very mild, but it remains a substantive restriction on preferences. An em
verifiable preference theory has little choice on this point however; without state independence, one cannot sa
multiple elements of a single preference relation overX and any pattern of behavior becomes rationalizable
define state independence formally, let the state space beN, wheren ∈ N specifies the date when offers cea
The agent then has preferences�∗ over X × N and state independence is a joint restriction on�∗ and�: for
eachn ∈ N the projection of�∗ ontoX × {n} must induce the relation�.
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outcome rationality and self-interest is clear: agents who violate outcome rationalit
end up with a final consumption bundlexm that is strictly worse than the bundle they beg
with.

Since a failure of behavioral transitivity means there are alternativesx, y, andz such
that x � y, y � z, andz � x, outcome rationality evidently provides a justification
behavioral transitivity. But this simple argument has a limitation: since an outside obs
might not know if an agent has sequentially traded to a dispreferred outcome, one can
verify through observations of choice whether an agent satisfies outcome rationality.

The money pump argument avoids this drawback by using an external test of an a
welfare.3 The classical money pump considers an agent with a preference cycle ove
triple of items, e.g.,x � y, y � z, z � x, and who is endowed with one of the choices, say.
An outsider can then extract money from the agent by selling the agent the chance to
to x. Sincex � y, the agent will pay some sum of money in order to move tox. The agent
will then pay for similar offers to move toz and back toy, thus ending up with the origina
option, but with less money. In some versions, the pump is iterated and money is ex
repeatedly. To state an explicit theorem that intransitivity necessarily exposes an a
a money pump, some adjustments to the classical story are needed: the argumen
to apply to preferences over goods rather than money, and the agent should be e
to manipulation whenever� violates transitivity, not just when� has strict preferenc
cycles. Our treatment indicates that a mild continuity restriction on preferences is need
for a money-pump result (and is indeed implicit in the story).

The irrationality of being money-pumped lies in the willing acceptance of a sequ
of trades that leads to an obviously inferior outcome, a loss of money. To avoid ment
money, we can instead consider� to be irrational if� can generate choice sequences
lead to a loss of all goods.

Definition 1. A preference relation� is outcome-monotonic if and only if whenev
{x1, . . . , xm} satisfiesxm � · · · � x1 then notx1 � xm.4

Outcome rationality and outcome monotonicityimpose similar rationality restrictions
the former precludes choice sequences that lead to dispreferred outcomes and th
precludes sequences that lead to decreases of all goods.

Let � be lower continuous if and only if, for anyx ∈ X, {y: y � x} is open. Given
the welfare interpretation of�, lower continuity has a traditional rationale: insofar as
agent’s welfare stems from a partly physiological sense of satisfaction, it is reasona
think that welfare will vary continuously with consumption.

Theorem 1. If � is outcome-monotonic and lower continuous, then � is behaviorally
transitive.

3 The money pump originates in Davidson et al. (1955). See Raiffa (1968), Fishburn (1988), Anand (199
Cubitt and Sugden (2001) for pro and con views.

4 Letting subscripts denote coordinates, we use the notation:x � y ⇔ xi � yi , all i; x > y ⇔ x � y, x 	= y;
andx � y ⇔ xi > yi , all i.
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Proof. If � is not behaviorally transitive, there existx, y, z ∈ X such thatx � y, y � z,
andz � x. By lower continuity, there exists aε > 0 such that(1 − ε)z � x, and so the
sequencez, y, x, (1 − ε)z is increasing according to�. Sincez � (1 − ε)z, � violates
outcome monotonicity. �

Outcome monotonicity places restrictions on chains of weakpreference decisions an
thus presupposes that agents are willing to switch between indifferent alternatives; an
given the welfare interpretation of preference, agents ought to be willing to make su
exchanges. But if� satisfies full continuity and a form of local nonsatiation, and if outco
monotonicity were weakened to require only that chains of strictly preferred options d
lead to endowment reductions, then� must also satisfy behavioral transitivity. We omit t
details, which are routine.

4. Choice functions and completeness

By far the most common rationale for completeness argues that since agents
rather consume something than nothing, they will choose some subset of items fro
set of possibilities, and these choices can be said to be preferred to the unselecte
The choice function literature, which takes choice rather than preference as primitiv
malizes this position. Given a nonempty set of optionsS, a choice functionC identifies a
nonempty subset ofS, C(S), interpreted as the options that the agent designates as
her choices when offeredS. We retain the consumption setX, an open subset ofRn, from
the previous section and assume that the domain ofC consists of all finite subsets ofX. We
follow the standard convention that agents can designate multiple options as perm
choices:C(S) need not be a singleton. The multiple-option possibility occurs when
agent specifies more than one bundle as acceptable. Such an action would be observab
but means that some other procedure (e.g., randomization, a decision by the offere
determine the exact bundle inC(S) that is in the end consumed.

Preference relations can be derived from choice functions in several ways. We u
most common definition of the (weak) revealed preference relationR, namelyxRy if and
only if there exists a finiteS ⊂ X such thatx ∈ C(S) andy ∈ S.5 Strict revealed preferenc
P is defined byxPy if and only if xRy and notyRx.

We investigateR rather than some other definition of preference becauseR is necessar
ily complete and there is a seemingly plausible case for the transitivity ofR—and our aim
is to see if there is a single definition of preference for which a rational agent will sa
both axioms.6

5 See, e.g., Mas-Colell et al. (1995). The Arrow (1959) definition, perhaps the next most common fo
revealed preference, isxR′y if and only if x ∈ C({x,y}). The proof of Theorem 3 below is easily adjusted
apply toR′ rather thanR.

6 See Nehring (1997) and Eliaz and Ok (2002) for analyses of when choice functions may be rationalized
incomplete binary relations. Danan (2001), which calls psychological preferencescognitive, considers the relate
problem of when a revealed preference relation can be rationalized by an incomplete cognitive preference
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The completeness ofR follows from the fact thatC specifies nonempty subsets;
particularC({x, y}) is nonempty. But must a self-interested agent have a transitivR?
An agent with an incomplete but transitive preference relation� can, if desired, select
choice function whose revealed preference relation both agrees with the orderings that a
contained in� and is transitive.7 But must a rational agent utilize such a choice functio
The most famous theorem of the choice function literature addresses this point. The
functionC satisfies theweak axiom if and only if xRy implies that there does not exist
finite S such thaty ∈ C(S), x ∈ S, andx /∈ C(S).

Theorem 2. If the choice function C satisfies the weak axiom, the revealed preference
relation R is transitive.

Proof. Arrow (1959). �
If choice is determined by a fixed and complete set of welfare judgments, the

axiom is plausible: an agent who choosesx wheny is available must think thatx delivers
as much welfare asy, and should persist in that judgment when faced with another choic
set that includesx andy. But if choice does not always reveal a psychological preferen
because psychological preferences are incomplete—the weak axiom is hardly comp
if x andy are psychologically unranked, there is nothing contradictory in choosingx over
y on one occasion, and refusing to do so on another occasion. Only counterpreferent
choice is prima facie irrational; see Sen (1973) on this point.

A more promising rationale for the transitivity of revealed preferences is to exten
earlier result, Theorem 1, on the irrationality of intransitive psychological prefere
Indeed, the logic of outcome monotonicity applies more straightforwardly to reve
preferences than to psychological preferences: first, sinceR is complete, transitivity and
behavioral transitivity are equivalent, andsecond, since agents’ willingness to choose
fines revealed preference, the possibility of agents refusing to switch to options cla
as indifferent does not arise.

Definition 2. A choice functionC is

• outcome-monotonic if and only if whenever there existx0, . . . , xm and S1, . . . , Sm

such thatxk−1 ∈ Sk , xk ∈ C(Sk), k = 1, . . . ,m, then notx0 � xm,
• lower continuous if and only if for allx, {y: yPx} is open.

The lower continuity of choice functions is justified as follows. If, forall choice sets
S that contain bothx andy, an agent never choosesy and sometimes choosesx, it is
reasonable to infer that the agent believes him or herself to be strictly psychologically

7 To see why, note that if� is transitive then it induces an irreflexive and transitive ordering of the equival
classes of�. Hence Szpilrajn’s theorem (see the proof of Theorem 4) implies that there exists a linear orderi
�∗ of the equivalence classes of� such that, lettingI (x) denote{w: w ∼ x}, x � y impliesI (x) �∗ I (y) for all
x andy. SettingC(S) = {x ∈ X: �y ∈ S with I (y) �∗ I (x)}, the resultingR is complete and transitive,x � y

impliesxRy, andx � y impliesxPy.
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off with x than withy.8 Following the standard rationale for the continuity of psycholog
preferences, the agent should also regard any bundlew sufficiently near tox as strictly
preferable toy. The agent would therefore never choosey whenw is available, which
means that the agent’s choice function is lower continuous. Some psychological c
thus underlies the lower continuity of choice functions, but the content is minimal.

Theorem 3. If C is outcome-monotonic and lower continuous, then R is transitive.

Proof. With the appropriate changes in notation, the proof proceeds as in Theor
SinceR is complete, intransitivity implies the existence ofx, y, z such thatxRy, yRz,
zPx. By the definition ofR, there exists aS1 such thaty ∈ C(S1) andz ∈ S1, and aS2

such thatx ∈ C(S2) andy ∈ S2. SincezPx, lower continuity implies there is aε > 0 such
that, settingS3 = {x, (1− ε)z}, (1− ε)z ∈ C(S3). Hence, we have a violation of outcom
monotonicity. �

Theorem 3 seems to offer a convincing case: agents with intransitiveRs are exposed t
manipulations that lead to a loss of all goods. Self-interest therefore appears to dicta
agents behave as if they possess a preference relation that is both complete and tra

5. Extended choice functions

We now argue that the apparent drawback of intransitive revealedpreference is an arti
fact of requiring that choice functions specify a single set of choices for each set of option
that is, a single setC(S) for eachS. To that end, we now define choice functions on
quences of choice sets, thereby allowing choice to be conditioned on past decision
main result is that if psychological preferences are incomplete and transitive, then ou
rational choices can generate intransitive revealed preferences. Hence no argument sim
to Theorem 3 can show that intransitive choosers can always be manipulated successf
or otherwise induced to trade away their endowment. Agents with intransitive rev
preferences can therefore share the same rationality advantages as agents with c
and transitive psychological preferences.

Our setting will expose agents to a wide array of decision-making complexities, bo
simple money pumps, where agents can always retain their current choices into th
ceeding period, and to situations where current choices can affect future choice sets o
by indirect routes. We must admit the more complex cases: otherwise we could not a
whether outcome-rational and intransitive choice behavior can persist in the precis
same settings that complete and transitive preferences satisfy outcome rationality.

We make several supplementary assumptions, for example, that intransitivities are n
trivial and can be observed along a single choice sequence. The complexity of the
framework and our supplementary assumptions make our intransitivity result stro

8 Because of the possibility of incomplete psychological preferences, in cases where an agent so
choosesy and sometimes choosesx from sets containing bothx and y it is not reasonable to infer that th
agent is even weakly better off with eitherx or with y.
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without them, the outcome rationality of intransitive choice would still obtain, and be easi
to establish.

Before proceeding to the model, we consider the reasons for letting agents condit
their current decisions on the choice setsfaced in the past. The supposed advantag
choice functions is that choice, unlike psychological preference, can be directly obs
But to observe multiple samples from a choicefunction, the agent must choose repeate
otherwise, an observer would know only the choices from a singleS, not the mappingC.
By defining choice functions on sequences of choice sets, we make the sequence
sions explicit. In addition, as Theorem 3 makes clear, the disadvantages of intran
arise only when agents choose repeatedly; so, toassess the rationality of transitivity, w
must consider a sequential model. But when choice is sequential, agents can co
current decisions on past choice sets or past decisions. Status quo maintenance (S
holding to one’s current option until offered a superior alternative—is a prominent examp
of such a rule. To see why, suppose a status quo maintainer does not psychologica
bundlesx andy but strictly prefers eitherx or y to w. If the agent first faces the choic
set{x,w} and then the selection from this round versusy, the agent will choosex in both
rounds. But if the agent first faces{y,w} and then the first-round selection versusx, the
agent will choosey in both rounds. Thus, the second-round selection from{x, y} depends
on the first-round choice set. So, to consider the outcome rationality of SQM and oth
decision rules, we must permit history-dependent choice.

The model considers an agent who, at each positive integert , faces a finite, nonempt
choice setSt ⊂ X, whereX is an arbitrary consumption setwith at least three element
At eacht , the agent identifies a nonempty subset ofSt as his or her set of selections. A
in Section 3, eachSt contains commodity bundles to be consumed at some date follo
the agent’s choice sequence, and the agent does not know at eacht if that date’s decisions
will determine his or her ultimate consumption, or whether instead a further set of ch
will be offered. LetΣ denote the set of sequences of finite choice sets:σ ∈ Σ if and only
if σ = S1 ×· · ·×St ×· · ·, where eachSt ⊂ X is nonempty and finite.9 The agent’s welfare
is gauged by a psychological preference relation� defined overX.10

The agent’s behavior is represented by anextended choice function γ :Σ → Σ where,
for eachσ ∈ Σ , γ (σ) ⊂ σ . We defineγ on the entire spaceΣ to ensure that the agent fac
a broad array of potential choice hazards thatincludes but is not restricted to the mon
pump.

Let γ t (σ ) ⊂ St denote the agent’s choices att , and givenσ , letσ t denoteS1 ×· · ·×St .
We require extended choice functions to satisfy the followingmeasurability condition at
eacht : if σ and σ̂ are such thatσ t = σ̂ t , thenγ t (σ ) = γ t (σ̂ ). Agents, that is, canno
condition their current choices on the choicesets they encounter in the future. Givenγ ,

9 The absence of a fixed terminal date is unavoidable: since terminal-date decisions are not subject to
drawbacks of sequential choice, a convincing demonstration that rational agents can choose intransitively sho
not hinge on those decisions.
10 As in Section 3, to take multiple samples from a single preference relation overX, we need in the backgroun
a state-independence assumption that the agent’s preferences overX are unaffected by the resolution of th
uncertainty as to when the sequence of choices ends and how choices att affectSτ for τ > t .
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redefine the revealed preference relationR by xRy if and only if there exists somet andσ

such thatx ∈ γ t (σ ) andy ∈ St . DefineP by xPy if and only if xRy and notyRx.
We now define and explain outcome rationality for extended choice functions. G

an extended choice functionγ , periodt is linked to periodτ at σ if τ < t and one of the
elements selected during periodτ is in the choice set of periodt : St ∩γ τ (σ ) 	= ∅. Loosely
speaking, an extended choice function is outcome-rational if there does not exist a
sequence of periods, with each period linked toits immediate predecessor, such that
agent in the final period chooses a bundle that is worse than anyx in the choice set of the
initial period. If there were such a sequence, then the agent, had he or she chosen ox in
each period of the sequence, would have ended up with a superior outcome.

Definition 3. An extended choice functionγ is outcome-rational if and only if whenev
there is aσ , a set of time periods{t1, t2, . . . , tm}, x1 ∈ St1, andxm ∈ γ tm(σ ) such thattj is
linked to tj−1 atσ for 2 � j � m, then notx1 � xm.

Sincem can equal 1, an outcome-rationalγ cannot, at anyt , specify aγ t that contains
a bundle dominated by another element ofSt .

Definition 3 considers arbitrary linkages between the agent’s current choices a
ture choice sets to ensure that outcome-rational agents do not end up with inferio
consumption bundles in exactly the same environments in which choice guided by
plete and transitive preferences does not lead to inferior final consumption. In the s
sequential offers considered in Section 3, the agent chose one bundle at each da
the subsequent choice set consisting of that bundle and one alternative bundle. B
agent’s choices are guided by complete and transitive preferences, current choices co
be added to any number of future choice sets and still the agent would not be be
if he or she were to choose counterpreferentially. So we have stated outcome rati
to cover cases where an agent’s current choices or any subset of those choices ar
to any future choice set. We allow only current choices themselves to be added to
choice sets since otherwise (if a current choice could lead other bundles to enter a
choice set) even complete-and-transitive agents would sometimes have a disince
choose the most preferred bundle currently on offer.

We do not need to specify this causal connection between current choices and futu
choice sets for our formal result; it matters only for the interpretation of outcome ration
as an axiom of self-interest. The precise relationship betweenγ and σ needed for this
interpretation is as follows. Eachσ is constructed from a nonempty set of base opti
σ̄ = S̄1 × · · · × S̄t × · · ·, where each̄Si is finite. The set the agent actually chooses fr
at time t , St , equals the union of̄St and some (possibly empty) subset of the opti
chosen during previous periods. For the initial period,S1 = S̄1. At each periodi, therefore,
the only influence ofγ i on σ is thatSt , t > i, may include some of the elements ofγ i .
Let st

i (γ
i) denote the (possibly empty) subset ofγ i that is appended tōSt . Thus, eachSt ,

t � 2, equals the union of̄St and{st
i (γ

i)}t−1
i=1. We assume for allt , all i < t , and allσ̄ , that

if st
i (γ

i) is empty for someγ i then it is empty for allγ i . Thus the agent’s actions do n
affect whether or not some of the periodi choices are appended tōSt , which eliminates
any advantage to choosing counterpreferentially. Finally we must suppose that the
believes for allt andi < t that each functionst that meets the above conditions could
i
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i , thus ensuring that the agent thinks it possible that any periodi choice could

enter any future choice set.
If � were not transitive, then the arguments of Section 3 imply that noγ could be

outcome-rational. Our program is to show that if� is incomplete and transitive, then the
will exist outcome-rationalγ s such thatR is intransitive. Before stating the result, we i
troduce two final restrictions to ensure that the intransitivity we demonstrate is not vac

The first restriction addresses the potential for trivial intransitivities of choice in w
agents always select only one of a pair of bundles that are indifferent or unranked.
the difficulty, letx, y, andz all be indifferent:x ∼ y ∼ z. An outcome-rational agent migh
refuse to choosex wheneverz is available, which could lead to the intransitive revea
preferencesxRyRzPx. Thus, even an outcome-rational agent with complete and tran
psychological preferences could fail to have transitive revealed preferences. A similar po
arises with unranked bundles. For example, recalling thata ⊥ b means nota � b and not
b � a, the intransitivityxRyRzPx is consistent with outcome rationality ifz ⊥ x ∼ y ⊥ z.
In both of these examples, the agent suffers no harm with a choice sequence that lea
an initial z to a final outcomex, and so a self-interested agent can persist in this beha
The intransitivities are farfetched, however, since the agent has no incentive to av
indifferent or unranked bundle at each and every choice set.

We rule the above intransitivities out with the following requirement.

Definition 4. The extended choice functionγ obeys� if and only if for all x, y ∈ X and
all σ ∈ Σ , (1) x ∼ y, y ∈ γ t (σ ), x ∈ St ⇒ x ∈ γ t (σ ), and (2)x ⊥ y ⇒ xRy.11

Since an extended choice functionγ determines the revealedpreference relationR, (2)
is indirectly a restriction onγ . Condition (1) says that if the agent chooses a bundley and
x is indifferent toy and is also an available choice, thenx is chosen too, while (2) say
that if x andy are unranked then the agent sometimes choosesx when bothx andy are
available. An outcome-rationalγ that obeys� must therefore “pick up” all undominate
bundles. Ifx is undominated by somey (that is, noty � x), thenx � y, orx ∼ y, orx ⊥ y.
In the first case, an outcome-rationalγ must sometimes selectx wheny is available, e.g.
whenSt = {x, y}. Whenx ∼ y then (1) implies thatγ t (σ ) containsx wheneverγ t (σ )

containsy, and vice versa. And whenx ⊥ y then (2) implies there is somet andσ such
thatx ∈ γ t (σ ) andy ∈ St .

For the neoclassical agent with a complete and transitive�, an outcome-rationalγ that
obeys� must generate a transitiveR. In this case, in fact, an outcome-rationalγ obeys�
if and only if eachγ t equals the set of undominated bundles inSt . It is the possibility of
an incomplete� that opens the door to an intransitiveR.

The second restriction will ensure that there is an intransitivity of choice along a s
sequenceσ of choice sets. The potential danger of an intransitiveR is that a choice se
quence can lead to a dispreferred outcome (or an endowment reduction). Conseque
intransitivityxRyRzPx such thatx is chosen overy only at aσ wherey is never chosen

11 If γ does not obey�, there is no reason forzPx to be “open”:zPx would not implyz � x and so bundles
nearz need not always be chosen overx. Hence the outcome monotonicity arguments of Sections 3 and 4 c
not be used to establish transitivity.
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overz would not be so remarkable—an agent could, after all, use different complet
transitiveRs at differentσs. It is an intransitivity along a singleσ that conceivably could
lead to a failure of outcome rationality. In addition, an empirically verifiable intransit
must occur at a singleσ—that is the most an outside observer can see.

Definition 5. The extended choice functionγ is verifiably intransitive if and only if there
exists aσ and a triplex, y, z such thatxRyRzPx and (1)x ∈ γ t (σ ) andy ∈ St for somet ,
(2) y ∈ γ t ′(σ ) andz ∈ St ′ for somet ′, and (3)z ∈ γ t ′(σ ) andx ∈ St̂ for somet̂ .12

Let � benontrivially incomplete if and only if there existx, y, andz such thatx ⊥ y,
y ⊥ z, andz � x.

Theorem 4. If � is transitive and nontrivially incomplete, there exist outcome-rational
extended choice functions that obey � and are verifiably intransitive.

Although the proof, in Appendix A, is lengthy, the key idea is simple. Verifiable int
sitivity requires there to be a revealed preference forx overy at someSi and a revealed
preference fory over z at someSk (wherex ⊥ y, y ⊥ z, andz � x). In periods follow-
ing Si andSk , outcome rationality requires thaty is chosen overx (otherwisex would
be indirectly linked via a chain of time periods to the earlier choice ofz). But outcome
rationality also requires that, followingSi andSk , x is chosen over anyw ≺ y (otherwise
w would be indirectly linked toy). Showing that aγ can comply with these restriction
and simultaneously satisfy our other stipulations forms the heart of the proof.

Since� may satisfy a monotonicity assumption,Theorem 4 implies that an agent wi
monotone preferences who uses an outcome-rationalγ will be immune to all endowment
reducing manipulations. Sinceγ is defined on all ofΣ , these manipulations include b
are not restricted to the classical money pump. Indeed, we definedγ on Σ to ensure tha
the agent faces a large variety of potential manipulations. To recast Theorem 4 in terms
endowment reductions, define an extended choice functionγ to beoutcome-monotonic if
and only if whenever there is aσ , a finite set of time periods{t1, t2, . . . , tm}, x1 ∈ St1, and
xm ∈ γ tm(σ ) such thattj is linked totj−1 for j = 2, . . . ,m then notx1 > xm.13 Define a
preference relation� to beincreasing if and only if x > y impliesx � y.

Corollary. If � is increasing, transitive and nontrivially incomplete, there exist extended
choice functions that obey � and that are outcome-monotonic and verifiably intransitive.

A final interpretive comment will be helpful. We justified outcome rationality and m
surability by assuming that an agent does not know if his or her current choices w

12 A fact such aszPx can be confirmed empirically only if all(σ, γ ) such that someSt ⊃ {x, z} are observed
Theorem 4 does not exploit this observational limitation, however, since it establishes the intransitivity ofR,
which is defined using all choice sequences not just one.
13 Since we want the rationality properties of extended choicefunctions that display intransitivity to be as stro
as possible, we define outcome monotonicity for extended choice functions to be more demanding than
come monotonicity for psychological preference relations: an agent with an outcome-monotonic extended choic
function cannot end up with a bundlexm that is even weakly vector dominated byx1.
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carried forward into future choice sets. This is the easiest rationale, but we could i
suppose that the agent at time 1 knowsσ̄ , knows thest

i functions, knows the terminal dat
sayT , of the choice sequence, and knows which element ofγ T will be the agent’s ac
tual consumption bundle. The agent would then face no uncertainty. We can unde
measurability in this scenario as a simplicity requirement: agents do not take the ef
condition their current choices on future choice sets. Theorem 4 says that outcome-r
γ s, which by definition satisfy measurability, can generate intransitive choices; if the
surability requirement on theγ were dropped, the same conclusion would continue to h
Of course, our result is stronger with measurability in place.

6. Status quo maintenance: rational intransitivity in simple choice environments

We turn to the prominent special case where choice sets in each period are
to their immediate predecessors, thus allowing agents always to reserve an option fr
the previous period. Status quo maintenance then illustrates our main point that ou
rationality and intransitive choice are mutually consistent when psychological p
ences are incomplete. Behavioral economists have established that agents freque
hibit SQM or an endowment effect: decision-makers are more likely to choose wha
bundle they happen to be initially endowed with, thus apparently showing that ag
preferences change as a function of the choice sets they face (see, e.g., Thale
Samuelson and Zeckhauser, 1988; Knetsch, 1989). Incomplete preferences offer
peting explanation of SQM that allows thephenomenon to arise from a single unchang
preference relation (Mandler, 1998, 2004). By assuming that preferences do not c
we can see that SQM can be outcome rational and hence that self-interest need not
out.

We say that thechoice environment is simple if and only if (σ, γ ) is such that, for
t � 2, periodt is linked to periodt − 1. If the choice environment is not simple, it
complex. Experiments in economics usually involve simple choice environments: a
are endowed with bundles of goods and asked whether they would like to switch to
bundle.

Definition 6. An extended choice functionγ is outcome-rational on simple choice e
vironments if and only if whenever the choice environment is simple and ther
{t1, t2, . . . , tm}, x1 ∈ St1, andxm ∈ γ tm(σ ) such thattj is linked totj−1 atσ for 2� j � m,
then notx1 � xm.

In line with our interpretation of the sequential choice model in Section 5, a si
choice environment can arise in the following way. At anyt , the agent must choose a
element ofSt . In period 1,S1 = S̄1, but subsequentlySt is the union ofS̄t and at leas
one of the options selected att − 1. That is, fort � 2, St = S̄t ∪ Xt−1 for some nonempty
Xt−1 ⊂ γ t−1. Since the agent’s effect on next period’s choice set is only to augment it
items chosen in the current period, the agent has no incentive to choose counterp
tially.
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Definition 7. An extended choice functionγ maintains the status quo if and only if (1)
eacht andσ , x ∈ γ t (σ ) implies there does not exist ax ′ ∈ St such thatx ′ � x, and (2) if
t � 2 andSt ∩ γ t−1(σ ) 	= ∅, thenx ∈ γ t impliesx � x̂ for somex̂ ∈ St (σ ) ∩ γ t−1.

That is, the agent does not choose dominated bundles and if a period is linked
previous period, then any currently chosen bundle must be at least as good aŝx
that was chosen in the previous period and passed on to the current choice set. Un
traditional presentation of SQM, the agent’s preferences do not change as a functio
or her choice set; the same relation rules throughout.

To check that maintaining the status quo can generate intransitive choices, consi
simple example. Suppose� is transitive and nontrivially incomplete, i.e., there existx, y,
andz such thatx ⊥ y, y ⊥ z, andz � x. Let (σ, γ ) be such thatS1 = {x, y}, S2 = {x, y, z},
γ 1(σ ) = {x, y}, andγ 2(σ ) = {y, z}. Plainly,γ 1(σ ) andγ 2(σ ) are consistent withγ main-
taining the status quo. (The proof of Theorem 5 below implies thatγ on the remainder o
its domain may be set so thatγ maintains the status quo at everyt .) We havexRy andyRz.
But since aγ that maintains the status quo cannot choose dominated bundles at anySt , we
must havezPx; soR is intransitive. Observe thatγ obeys� on {x, y, z} sinceyRx, xRy,
yRz, andzRy, and so the intransitivity is not of the trivial variety mentioned in Sectio

Theorem 5. If � is transitive, then γ ’s that maintain the status quo exist and any γ that
maintains the status quo is outcome-rational on simple choice environments.

Proof. Existence. If t � 2 and there is somex ′ in St ∩ γ t−1, let γ t = {v}, wherev is an
undominated element ofA = {w ∈ St : w � x ′}; the transitivity of� and the finiteness ofSt

imply that such av exists. Otherwise, letγ t consist of an arbitrary undominated eleme
of St . In the first case,γ t must be undominated by bundles inSt since if there were a
u ∈ St \ A such thatu � v, then by transitivityu � x ′ and henceu ∈ A, a contradiction.

Outcome rationality. It is sufficient to show that for allt � 1 there do not existx andx ′
such thatx ∈ γ t , x ′ ∈ ⋃t

i=1 Si , andx ′ � x. By (1) of Definition 7, this holds fort = 1. To
show that if the statement holds fort then it holds fort + 1, supposex ∈ γ t+1 andx ′ � x.
By (2) of Definition 7,x � w for somew ∈ γ t . By transitivity,x ′ � w. But x ′ /∈ ⋃t

i=1 Si ,
since by the induction assumption anyw ∈ γ t is undominated by any element ofσ t , and
x ′ /∈ St+1 since by (1)x is undominated by any element ofSt . Hencex ′ /∈ ⋃t+1

i=1 Si . �
As long as the choice environment is simple, the conservatism of status quo maint

can be relaxed somewhat without requiring agents to perform difficult choice calcul
or causing a failure of outcome rationality: at anyt , agents may choose any or all bund
in St that are undominated by any element of

⋃t
i=1 Si (including bundles inSt that do not

dominate any element ofSt ∩ γ t−1).
If we drop the restriction to simple choice environments—so that agents may no l

be able to reserve options from the preceding period—the outcome rationality of ma
ing the status quo then disappears, as Theorem 6 reports. Of course, Theorem 4
that other choice functions both exhibit intransitivity of choice and preserve outcom
tionality.
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Theorem 6. If � is nontrivially incomplete, any γ that maintains the status quo fails to be
outcome-rational.

Proof. Given nontrivial incompleteness, there existx, y, andz such thatx ⊥ y, y ⊥ z,
andz � x. Let σ satisfyS1 = {y}, S2 = {y, z}, S3 = {x}, S4 = {x, y}. Any γ that main-
tains the status quo must haveγ 1(σ ) = {y}, γ 2(σ ) = {y}, γ 3(σ ) = {x}, γ 4(σ ) = {x}. Since
γ 2(σ )∩S4 	= ∅, period 4 is linked to period 2. Since in additionz ∈ S2, x ∈ γ 4, andz � x,
γ is not outcome-rational.�

The inability of agents to reserve a bundlefrom the immediately preceding choice se
will not by itself produce a failure of outcome rationality. As theσ constructed in the
proof makes clear, it is also necessary that a choice set inherit bundles from multip
ceding periods. Specifically, one may show that if, for allt � 2, at most one of the se
St ∩ γ τ , τ < t , is nonempty, then extended choice functions that maintain the statu
are outcome-rational.

7. Conclusion

Since rational agents with incomplete psychological preferences can choose in
tively, one cannot argue under either of the standard definitions of preference that ra
ity entails both completeness and transitivity. When preference is a psychological jud
of well-being, there are persuasive arguments for why preferences should be transi
not for why they should be complete; when preference is defined as choice, Theo
shows that rational revealed preferences willbe complete but not necessarily transitive.

We close with two final comments.

7.1. Incomplete vs. changing preferences

Instead of relinquishing the completeness assumption, a more common respo
anomalous choice behavior and SQM in particular is to assume that preferences vary
a function of time or an agent’s endowment. See for example Tversky and Kahn
(1991), and Kahneman et al. (1990) for support for a similar view. By letting prefere
change through time, behavioral models can allow preferences at each date to be comp
and transitive. But the behavioral approach presents difficulties.

First, welfare analysis becomes impossible.In particular, since an agent’s wellbeing
no longer identified with a single preference relation, the rationality of a choice sequenc
cannot be assessed by whether the agent is better off at the end of the sequence. C
and in contrast to Section 6 above, one then cannot judge whether self-interest wo
or against the persistence of SQM.

Second, time or endowment dependent preferences posit rankings that can n
checked against behavior: for each endowment, only choice vis-à-vis that endowment c
be observed. One may postulate that these unobservable preferences are comp
transitive, of course, but since these preferences are irrelevant for decision-making
agent’s welfare, there is no reason why a rational agent should satisfy these assum
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The observability problem may seem instead to be a defect of models of incom
preferences. Incompleteness implies a distinction between choice and preference (or
tween what is not chosen and what is dispreferred) and this may appear untestable
not the case. As long as an extended choice functionγ obeys�, γ allows for exact tests
Testing strict preference is straightforward: ifγ obeys� and is outcome rational, stric
psychological preference obtains if and only if strict revealed preference occurs. To t
for indifference betweenx andy, one checks whether{x, y} ⊂ St and eitherx or y being
an element ofγ t together imply that bothx andy are elements ofγ t . If γ obeys� and
x ∼ y, an agent’s choice must satisfy this property. Obeying� is a plausible requiremen
moreover, since if an agent is willing to choosex, andx is truly psychologically inter-
changeable withy, then the agent should be willing to accepty instead. To test forx and
y being unranked, we need only see if the agent sometimes but not always acceptsx in ex-
change fory, and sometimes but not always acceptsy in exchange forx. Outcome-rationa
agents with substantively incomplete preferencesmust sometimes refuse to exchange u
ranked bundles, since otherwise they could be manipulated in the manner of Theo
for simple choice environments, SQM furnishes the prime example of the optimalit
vantage of such refusals to trade. Formally, one checksx ⊥ y by seeing if there exist bot
anSi such that{x, y} ⊂ Si , x ∈ γ i , andy /∈ γ i and aSk such that{x, y} ⊂ Sk , y ∈ γ k , and
x /∈ γ k . Thus, by rejecting the traditional interpretation of revealed preferences—whi
imputes a preference judgment to all cases when a bundlex is chosen over a bundley—we
can distinguish empirically among strict preference, weak preference, and the abse
preference. Rather it is the analytical strategy of defining a separate preference rela
each endowment vector that restricts the set of empirical tests.

The above empirical distinction between incompleteness and indifference presumes th
since there is no drawback to exchanging one bundle for an indifferent bundle, ra
agents will not hesitate to do so. If agents nevertheless do hesitate, there is a furth
pirical test. When two bundles are indifferent, a money or commodity bonus added
of the bundles, no matter how small, should (given monotonicity) make that bundle s
preferred. Agents with incomplete preferences, on the other hand, have rational g
for refusing to swap unranked bundles, and there is no reason why adding a small a
of money or goods to one option will induce an agent to choose it.

Given the evidence, some aspect of the classical rationality model must give wa
havioral models take the relatively drastic step of dissociating the choices made at differ
dates. Such a radical move is unnecessary. Wecan continue to assume that preferences
unchanging through time by dropping the assumption that unchosen bundles are neces
ily dispreferred to chosen bundles. Psychological preference judgments can then sta
across time, which allows for welfare analysis and a larger set of empirical tests.

7.2. Choice vs. preference as a primitive

Although economic decision-makers can either be described through their psych
cal preferences or their choice behavior, our results provide grounds for using prefe
rather than choice as primitive. Theorems 3 and 4 jointly demonstrate that summa
choice behavior with a conventional choice function (or a conventional revealed p
ence relation) artificially constrains outcome-rational agents to choose transitively. H
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if choice is taken as primitive, extended choice functions, which are relatively compli
objects, must be used to describe behavior. On the other hand, if psychological pre
is the primitive of decision theory, a single binary relation can still adequately repr
an agent: the set of outcome-rational extended choice functions can always be der
necessary (if preferences are transitive). So a simpler, more concise theory emerge

But if an extended choice functionγ is taken as primitive, and ifγ is assumed to obe
some preference relation�, then we can deduce� from γ . In this sense, the two star
ing points are interchangeable. Once� is inferred fromγ , one can check whetherγ is
outcome-rational. Thus, not only is incompleteness testable, so is outcome rational
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Appendix A

Proof of Theorem 4. Let x, y, andz be such thatx ⊥ y, y ⊥ z, andz � x. Let Σ ′ ⊂ Σ

be the set of choice sequences defined byσ ′ ∈ Σ ′ if and only if S1 ′ = {x, y} andS2 ′ =
{x, y, z}. For anyσ ′ ∈ Σ ′, setγ 1(σ ′) = {x, y} andγ 2(σ ′) = {y, z}. HencexRy andyRz.
Since theγ we construct is outcome-rational, for allσ we havex /∈ γ t (σ ) wheneverz ∈ St .
ThuszPx and henceγ is verifiably intransitive.

It remains to defineγ over the remainder of its domain, and to show thatγ is measur-
able, obeys�, and is outcome-rational. Forσ /∈ Σ ′, these tasks are mostly routine. T
delicate parts are definingγ on σ ′ ∈ Σ ′ and showing that outcome rationality obtains
theseσ ′.

To defineγ , we utilize several binary relations. LetX/∼ denote the indifference class
of �, and, for anya ∈ X, let I (a) ∈ X/∼ denote the indifference class that containsa.
Define�I onX/∼ by I (a) �I I (b) if and only if a � b. We first specify binary relations t
defineγ for σ such thatS1 	= {x, y}. For anya, b ∈ X such thata ⊥ b, define�a,b onX/∼
by J �a,b K if and only if J �I K or J = I (a) andK = I (b). It is easy to confirm tha
�a,b is acyclic. Hencē�a,b, the transitive closure of�a,b, is irreflexive and thus satisfie
J �a,b K ⇒ J �̄a,b K, i.e., �̄a,b ⊃ �a,b. Since�̄a,b is irreflexive and transitive, we ma
apply Szpilrajn’s theorem, which states that any transitive irreflexive binary relatio�
may be extended to a strict order�∗ (i.e., a transitive, asymmetric, and weakly connec
binary relation), meaning thatα � β impliesα �∗ β . See Fishburn (1970) for a proof. S
may extend�̄a,b to a strict order, say�∗

a,b, onX/∼. The relation�∗
a,b contains�̄a,b and

hence�a,b. We comment on our use of Szpilrajn’s theorem following the proof.
For any binary relationZ defined on a family of setsP that partitionX, let ct

Z(σ )

denote{u ∈ St : notp(û)Zp(u) for all û ∈ St }, wherep(u) denotes the cell ofP to which
u belongs. Ifσ is such thatS1 = {a, b} 	= {x, y} and a ⊥ b, we setγ t (σ ) = ct

�∗
a,b

(σ )

for all t � 1. If σ is such thatS1 ⊃ {a, b} 	= {x, y}, a ⊥ b, and #S1 = 3, let γ t (σ ) =
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(σ ) for all t � 1. For all otherσ such thatS1 	= {x, y}, we use an arbitrary stric

order extension of�I , say�∗, and setγ t (σ ) = ct�∗(σ ) for all t � 1. Note that for allσ
such thatS1 	= {x, y}, the mappingγ t (σ ) depends only onS1. Soγ (σ) trivially satisfies
measurability for theseσ . Also, if a ⊥ b and{a, b} 	= {x, y} thenγ is such thataRb and
bRa. We have singled out the #S1 = 3 case only as a convenient way to ensurebRa.

We turn to σ such thatS1 = {x, y}. Consider first cases whereS2 	= {x, y, z}. Let
I (x, y) denoteI (x) ∪ I (y), and define�I (x,y) a binary relation onY = X/∼ ∪{I (x, y)} \
{I (x), I (y)}, by J �I (x,y) K if and only if one of the following three statements holds:

(i) J �I K andJ,K /∈ {I (x), I (y)},
(ii) J = I (x, y) andI (x) �I K or I (y) �I K, or
(iii) K = I (x, y) andJ �I I (x) or J �I I (y).

To see that�I (x,y) is acyclic, suppose the contrary and observe that one of two state
must then hold:

(1) I (x, y) �I (x,y) · · · �I (x,y) I (x, y), or
(2) I (a) �I (x,y) · · · �I (x,y) I (x, y) �I (x,y) · · · �I (x,y) I (a),

whereI (x, y) is not an indifference class in the ellipses. If we replace each�I (x,y)

in (1) by �I , we may either replace bothI (x, y)’s in (1) by I (x) or I (y), which would
violate the acyclicity of�I , or we may replace oneI (x, y) by I (x) and the other byI (y),
in which case the transitivity of�I implies a violation ofx ⊥ y. As for (2), we can infer
I (a) �I · · · �I I (u) and I (w) �I · · · �I I (a), whereu,w ∈ {x, y}. If u = w, we have
violation of the acyclicity of�I , and ifu 	= w, a violation ofx ⊥ y. So�I (x,y) is acyclic
and�̄I (x,y), the transitive closure of�I (x,y), is irreflexive. Applying Szpilrajn tō�I (x,y),
we obtain a strict order�∗

I (x,y) overY that contains�I (x,y). For σ such thatS1 = {x, y}
andS2 	= {x, y, z}, setγ t (σ ) = ct

�∗
I (x,y)

(σ ) for t � 1.

To finish the specification ofγ , consider theΣ ′ sequences. First, define�I (y,z) as in
the last paragraph except thaty andz take the role ofx andy. Formally,I (y, z) denotes
I (y) ∪ I (z) and�I (y,z), a binary relation onZ = X/∼ ∪ {I (y, z)} \ {I (y), I (z)}, is de-
fined byJ �I (y,z) K if and only if (J �I K andJ,K /∈ {I (y), I (z)}) or (J = I (y, z) and
I (y) �I K or I (z) �I K) or (K = I (y, z) andJ �I I (y) or J �I I (z)). As in the case o
�I (x,y), �I (y,z) is acyclic.

Next, define�σ ′ , a binary relation onZ, by J �σ ′ K if and only if J �I (y,z) K or
J = I (x) and K ∈ L ≡ {L ∈ X/∼: L = I (w) for somew ∈ X such thaty � w}. As
indicated in the text, this is the key step that ensures outcome rationality, as we w
at the end of the proof. Let̄�σ ′ denote the transitive closure of�σ ′ . To conclude tha
J �σ ′ K impliesJ �̄σ ′ K and that�̄σ ′ is irreflexive, we show that�σ ′ is acyclic. Given
the acyclicity of�I (y,z), if �σ ′ has a cycle then one of the following two conditions m
hold:

(i) I (x) �σ ′ · · · �σ ′ I (x), or
(ii) J �σ ′ · · · �σ ′ I (x) �σ ′ · · · �σ ′ J for someJ ∈ Z,
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whereI (x) is not one of the indifference classes in the ellipses. Except for the�σ ′ that
lies betweenI (x) and its neighbor to the right, which we labelW , each�σ ′ in (i) or (ii)
may be replaced by�I (y,z). Since the acyclicity of�I (y,z) implies that we may not re
place every�σ ′ by �I (y,z), W must be an element ofL and soI (y) �I W . In case (i),
we therefore haveW �I (y,z) · · · �I (y,z) I (x). To see thatI (y, z) cannot be an indifferenc
class in the preceding ellipsis, suppose the contrary and consider the leftmost occurr
I (y, z). SinceW 	= I (y, z), we then have eitherW �I · · · �I I (y) or W �I · · · �I I (z).
Combined withI (y) �I W , the acyclicity of�I yields a contradiction for the first po
sibility, while the transitivity of�I and the fact thaty ⊥ z yields a contradiction for the
second. We conclude thatW �I · · · �I I (x), and thereforeW �I I (x). SinceI (y) �I W ,
the transitivity of�I impliesI (y) �I I (x), which contradictsx ⊥ y. In case (ii), we have

J �I (y,z) · · · �I (y,z) I (x) �σ ′ W �I (y,z) · · · �I (y,z) J.

Using the same reasoning as in case (i),I (y, z) cannot be an indifference class in t
second ellipsis. SoW �I J . SinceI (y) �I W , we haveI (y) �I J and thereforeJ 	=
I (y, z). HenceI (y, z) cannot be an indifference class in the first ellipsis. SoJ �I I (x) and
thereforeW �I I (x). As in case (i),I (y) �I W and the transitivity of�I again contradic
x ⊥ y.

We conclude that�σ ′ is acyclic and that̄�σ ′ is irreflexive. So, by Szpilrajn, there exis
a strict order�∗

σ ′ over Z that contains�σ ′ . For σ ′ ∈ Σ ′, setγ t (σ ) = ct
�∗

σ ′ (σ ) for t � 3.

Since we specifiedγ 1(σ ′) andγ 2(σ ′) in the first paragraph,γ is now well defined.
Recall that the mappingγ t (σ ), t � 1, for σ such thatS1 	= {x, y} depends only on

S1. For allσ such thatS1 = {x, y}, γ 1(σ ) = {x, y}. If σ ′ ∈ Σ ′, then the mappingγ t (σ ′),
evaluated att � 2, is determined according to�∗

σ ′ and hence does not depend on anySt

with t � 3. If S1 = {x, y} andS2 	= {x, y, z}, γ t (σ ), for t � 2, is determined according t
�∗

I (x,y) and hence also does not depend on anySt with t � 3. Soγ is measurable.
We confirm thatγ satisfies (1) of Definition 4:u ∼ w, w ∈ γ t (σ ), u ∈ St ⇒ u ∈ γ t (σ ).

Note that neither{x, y} nor{x, y, z} contain a pair of indifferent elements. So ifu ∼ w and
u,w ∈ St , thenγ t (σ ) = ct

Z(σ ) for someZ ∈ {�∗
a,b: a ⊥ b} ∪ {�∗,�∗

I (x,y),�∗
σ ′ }. Since

eachZ is an ordering over indifference classes (or unions of indifference classes),
satisfied. As for (2),u ⊥ w ⇒ uRw, we earlier remarked that ifa ⊥ b and{a, b} 	= {x, y}
thenaRb. Given thatγ 1(σ ′) = {x, y} for σ ′ ∈ Σ ′, xRy andyRx.

To show thatγ is outcome-rational, we use the following lemma.

Lemma. Given a complete and transitive binary relation R̃ ⊂ X × X, let γ̃ be defined by
γ̃ t (σ ) = {a ∈ St : aR̃b for all b ∈ St }. If t is linked to τ < t at σ for γ̃ , s ∈ γ̃ (σ ), and
r ∈ Sτ , then sR̃r .

To prove the lemma, note that ift is linked toτ , there existsa ∈ γ τ (σ ) such thata ∈ St .
By the definition ofγ̃ , s ∈ γ t (σ ) impliessR̃a anda ∈ γ τ (σ ) impliesaR̃r for r ∈ Sτ . By
the transitivity ofR̃, sR̃r.

Consider first cases whereσ /∈ Σ ′. Let R(σ) be defined byuR(σ)w if and only if
I (u) = I (w) or I (u)Z I (w) whereZ is �∗

a,b if S1 = {a, b} 	= {x, y} anda ⊥ b; �∗
b,a if

S1 ⊃ {a, b} 	= {x, y}, S1 = 3, anda ⊥ b; �∗ if S1 = {x, y}; and�∗ otherwise. Note

I (x,y)
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thatR(σ) is transitive andu � w impliesuP(σ)w (i.e.,uR(σ)w and notwR(σ)u). Also,
for all t � 1, γ t (σ ) = {u ∈ St : uR(σ)û for all û ∈ St }. Let {t1, t2, . . . , tm} be such thattj
is linked to tj−1 at σ for j ∈ {2, . . . ,m}. Fix arbitraryx1 ∈ St1 and, forj ∈ {2, . . . ,m},
xj ∈ γ tj (σ ). The lemma implies, forj ∈ {2, . . . ,m}, that xjR(σ)xj−1, and so, by the
transitivity of R(σ), xmR(σ)x1. Sinceu � w implies notwR(σ)u, we conclude that no
x1 � xm. Soγ (σ) is outcome-rational whenσ /∈ Σ ′.

Now let σ ′ ∈ Σ ′. DefineR(σ ′) by uR(σ ′)w if and only if I (u) = I (w) or I (u) �∗
σ ′

I (w). As before,R(σ ′) is transitive andu � w impliesuP(σ ′)w. Again let{t1, t2, . . . , tm}
be such thattj is linked to tj−1 at σ ′ for j ∈ {2, . . . ,m}, fix arbitraryx1 ∈ St1′ and, for
j ∈ {2, . . . ,m}, xj ∈ γ tj (σ ′). Note thatγ t (σ ′) = {u ∈ St ′: uR(σ ′)û for all û ∈ St ′} for all
σ ′ and all t � 2. Hence, ift1 � 2 then, by the lemma,xjR(σ ′)xj−1 for j ∈ {2, . . . ,m}.
HencexmR(σ ′)x1 and so notx1 � xm. So suppose henceforth thatt1 = 1. Sincex is the
element ofS1 ′ = {x, y} that is minimal according toR(σ ′), if x1 = x thenx2R(σ ′)x1.
Hence,xmR(σ ′)x1 and notx1 � xm. So assume henceforth thatx1 = y. Sincet2 is linked
to t1, if x /∈ St2 theny ∈ St2. Sox2R(σ ′)x1 and thereforexmR(σ ′)x1 and notx1 � xm. So
assume thatx ∈ St2. If this last possibility constituted a failure of outcome rationality, th
y � xm. But the construction of�∗

σ ′ would then implyI (x) �∗
σ ′ I (xm) and soxP(σ ′)xm.

Sincex ∈ St2, x2R(σ ′)x and hencexmR(σ ′)x, a contradiction. �
Note. Szpilrajn’s theorem is a needlessly powerful—and nonconstructive—tool fo
main point we wish to establish. For eachσ and t , the agent could determineγ t (σ ) by
assembling a binary relationZt over thefinite set

⋃t
t=1 St that possesses the properties

the relations�∗
a,b, �∗, �∗

I (x,y) and�∗
σ ′ used in the proof and that extendsZt−1. At eacht ,

therefore, the agent’s selection ofγ t would be entirely constructive.
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